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Abstract

Two players engaged in the Prisoner’ s Dilemma have to choose between cooperation and
defection, the pay-off of the players is determined by a weight w=(T,R, P, S). For deterministic
strategies p1,...,pn WE consider a society S=S(wizpi | i=1,...,n) formed

— N\ .
by W= 2 i=1" individuals playing at random the IPD with weight w. We introduce the

concept of a w-successful society as one where all individuals have eventually a non-negative
pay-off. We discuss success of individuals and societies by means of quadratic forms associated
to the pay-off matrix of the given set of strategies.
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1. Introduction

Since its formulation in 1950, the Prisoner’ s Dilemma has become the leading metaphor to
investigate rationales for cooperation (see [1], [4] and [7] for extensive literature lists). Two
players engaged in the Prisoner’ s Dilemma have to choose between cooperation and defection.
The players confront each other indefinitely often, receiving in each round R points if they both

cooperate and P points if they both defect; moreover, a defector exploiting a cooperator
receives T points, while the cooperator receives only Spoints. It is assumed
that T>R>0>P>S and 0>T+S, the last condition implying that it is not worth for a player to
cooperate and defect alternatively while the coplayer is cooperating. A
tuple w=(T,R, P, S )satisfying the above conditions is called an admissible weight.

The iterated Prisoner’ s Dilemma (IPD) offers rich possibilities for ingenious strategies. Most of
the literature on the topic deals only with stochastic strategies (see for example [7] and [8]).
A deterministic strategy p=({ao,at,...,an},10,11,5) is given by a finite set {z0,a1,...,an} Of states,
where .0 is a distinguishedinitial state ;o and 1 are fransition functions of the states and s is
the outcome function assigning 0 or 1 to each state, where 1 stands for cooperating and 0 for
defecting. Hence a deterministic strategy is a finite automaton (see [2]).



Deterministic strategies may be depicted as finite oriented valued digraphs, as in the following
examples, where — indicates the initial state and the values of s are written on the vertices.
Strategy TFT is the famous tit-for-tat strategy: cooperate in the first round, then do whatever the
other did last time. Since the well-known Axelrod’ s tournaments [1], tit-for-tat has been
considered the major paradigm of altruistic behaviour [4] and [5]. Strategy PAV (for Pavlov) was
introduced by Nowak and Sigmund [9] and shown to outperform TFT in computer runned
simulations of heterogeneous sets of probabilistic strategies. Our computer programs show that
the infolerant  strategy 1o outperforms all deterministic strategies with two states

and 11 outperforms all deterministic strategies with at most three states.
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Let,1,...,pn be deterministic strategies and consider a society S=S(ui:pili=1,...,n) formed

— .
by W= 2 i=1" individuals playing at random the IPD with admissible weight w (i.e. in each
round, two individuals are chosen randomly to play the next step of the corresponding IPD, each
individual recalling their last play against one another and responding accordingly), among

them, O <. individuals use strategy ,i. We shall assume that there is an unlimited number of

rounds, all occurring with probability one. (For certain considerations of the IPD it is assumed,
see [1], that the next round happens with probabilityw < 7. The limiting case w=1 is usually of
great interest, see [8] for a discussion). Many interesting problems arise from the consideration
B lxl

) =lmy_ 0 57— ot an individual x in the society S,

of the terminal pay-off &S x
where ¢()(x) is the pay-off accumulated by x in the first  rounds. Observe that, for the sake of

[ I
simplicity, we omit the dependence on the parameter w, but we may write 8s {x) forgs(x) if
we want to stress the parameter w of the IPD.

In Section 2, we show that in case the individual x uses strategy i, then
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where g(,i:p;) is the terminal pay-off of ,i relative to ,;. We shall consider the pay-off matrix of
the society S as the nxn-matrix G=(g (i p;)) (we write Gw)=(g)(,i:p;)) in case we want to
make explicit the parameter w. According to Maynard Smith [6], a strategy is evolutionary

stable if an infinite homogeneous population adopting it (i.,e. n=1 and S=S(u1:p1), for v1>0)
cannot be invaded by mutants. We generalize the concept and say that a

society S=S(uwi:pili=1,...,n) is stable if any individual of § performs, at the long run, better
keeping its strategy than changing to a new one. In Section 3 we prove that for a set ;1, ..., pa Of
retaliatory strategies with &P * P} = O {1 =i, j = n) 4,

society S(uispili=1,...,n) is stable. We recall that a

strategy p=({ao0,a1,...,an/},10,11,5) isretaliatory if s(io(a))=0 for any state a. This result
generalizes the observation in [1] that TFT is an ESS.

We shall say that a society S=S(uvi-pili=1...,n) is w-successful if for any individual x of S we
have g: ‘( )z 0 . It will be easy to show thatS§ isw-successful if and only
if Gmu>(gw(pizpi)ri=1,...,n)=tgw) as column vectors. This gives conditions on the
matrix Gw) for the existence of vectorsuwith all entries.>0,(i=1,...,n) such
that S(uvizpili=1,...,n) is w-successful. We shall say that S is w-macro-

B |u| Y-. L P
successful  if fw1eS8S )= 2 iyt ligs i) = 0 , for any selection of

«r<n)

individuals «i with strategy P' “ Clearly, an individual x is w-successful in the

society S if at the long run its pay-off increases. In the same way, the society S is w-macro-
successful if the total pay-off (the sum of the pay-offs of its ‘citizens’ ) eventually increases.

Ll ;
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In Section 4, we introduce the quadratic form flm ----- ik " associated with the
HG" + (G

symmetric  matrix and show thatS(ui:pili=1,...,n) is w-macro-

fur ( Vo= ool
¢ Any. ooty = A0y, o) g™
successful if and only if Tipy.....p 110 n) Z (H) n)'§

Finally, S(uizpili=1,...,n) is w-macro-successful for any choice of numbers .1, ...,un With big

g AX1 oo  Xn)

if and only if the quadratic form ipy...omr’ 7 is weakly
(1 I . l‘_.;) =

.
enough ¥ = L.i=11

Lul

0
positive , that is ]'PJ ----- & for any vector O#(v1,...,vn) E Nn. We give

l:(G”” + (G

conditions on the matrix 2% » * % characterizing the weak positivity
(R \
fq‘PJ _____ s '(Xl ..... X‘_v;).

Clearly, the concepts of success for individuals in a society S or that of successful societies
depend on the chosen parameters T, R, P and S. The relativity of the concepts stresses the fact



that the pay-off of strategies playing the IPD depend as much on the structure of the strategies
themselves as on the setting of the game. Observe the particular role played by 0 in the
definitions: an individual playing the strategy p against an individual playing the strategy p' is w-

successful (in this game) if and only if the pay-off gtw(p:p’ )>0. For further remarks see

Section 5.

2. Deterministic strategies

2.1.

Recall that a deterministic strategy p is a tuple ({ao,a1,...,an/},10,11,5) Where {ao,a1,...,an} is @
finite set of states, with .0 a distinguished initial
state , folap.ay. ... .ay} — lao.a). .. .. ay} and

fi tHao.ar, ..o ap} > lag.ay. ... anl are transition functions of the states
and ¥ lag. ar. ... .ax} — {0, 1} the outcome function.

Given two deterministic strategies

p=({ao,...,an},fo,f1,s)

MathJaxion|
and p = ({bo,....bml, fo. fi. 1),

MathJaxion|
define the tournament t(p:p’ ) as an oriented graph with jth vertex
Xj= a',- : b',-. where a'f is a state of p, b'f is a state of p'

MathJaxion|
with 4 = 40 b 0= b and arrows

v v "",i PR BN v PR

Xj=a; :bj — Xj31 = f TALILE f“ o :.(b‘,-).
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s{a’) s t(b)

We identify . ; with “.In other words, t(p:p’ ) is the orbit of (20,50) under the

function
fo -')/aO,...,an}x{bo,-..,bm}_’{ao,...,an}x{bo,...,bm}
[Turn| MathJaxfor|

(f x fai bi) = (frpylai). £, b))

where . Therefore t(p:p’ ) has the shape
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with g<nm. It is clear that
1

- l . r
Am, 7 80P P = o0

g
Zg(ot,-) =gip:piforcip:ph=g—r+1
i=r
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is the terminal pay-off of p relative to p’ , where ginip : pf) = Eiﬁﬂg(a") and gi(p:p’
)=g(.i) is the pay-off of p relative to p* at the ith step of the IPD

(where g(1:1)=R,g(0:0)=P,g(0:1)=T andg(1:0)=S)andc(p:p ) isthe length of the
cycle in the orbit. For examples see Section 5.

2.2.

Let S be a society with u individuals. Society S plays random IPD as follows: consider two
different individuals x and y, x playing with strategy p and y playing with strategy p" . At round ¢,
the couple (x,y)may not be confronted, then the pay-off4¢((x:y)=0. In casex andy are

confronted for the jth time, then the tournament ¢(p:p" ) yields the arrow
o s -]

v v v v
aj___l . 'bj—'l — (l‘- . 1)‘

by by

MathJaxion|

and therefore q1(x:y)=qj(p:p ). Thatis, each player keeps track of past play against all
individual players.

Lemma.

The expected value 4i(x:y)is

AR S N P R B
xiy)y=—(1-= | — (p:p
grix :y) l_l( ﬂ) > (k_l)(!_l) glp:p)

l
MathJaxion|

—_ Vsl —
where u= 2“(” 1).

Proof.



Let p(t,k) be the probability to select the couple (x,y) at the round ¢ for the kth time. Out

!
of & possible selections of couples, couple (x,y) is selected k times, the other -k times any
of the remaining & — ! couples is selected. Then
1 f1—1 (i
. §—K
;J{t,i):—( (e —1)7".
w \k—1

MathJaxion|

Hence,
glxty) =Y pitkglp:p) =531 (iiln ) (w— 1" gi(p:p")

which is the desired expression. [

2.3.

There is an interesting consequence of (2.2): an individual x with
strategy ({ao0,...,an/},0,11,5) may profit for a long while from a confident homogeneous
society S acting with strategy p’ =({v0,...,6m}, 0,901,858 ) ifs(a0)=0,s" (vo)=1 and S is large
enough. More precisely, let u be the number of individuals in S.

Lemma.

We have 4 (x:y)>0as long as I = ln{l - F?:) [Inu — Inf{u — l)l_l +1

Proof.
By hypothesis ¢1(p:p" )=T and clearly, qi(p:p  )>S fori>2. Then

_
oy T =1 ¢
x:w=(1—-) | — Sz w—1)"
girlx _\_)_( u) £—1+ . (k—l)w' )
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Therefore 4()(x.:y)>0 if and only if *= . g
Inw —In{ue — 1)~ L
For a numerical example, consider T=2,S5=-3, foru>0, - 1 ) LI

then g((x:y)>0 for I = 0.51 u

2.4.

The next Proposition only expresses the fact that, after a preperiod, all the confrontations
between individuals enter in a tournament-cycle determined by their strategies.

Proposition.



n
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Let S=S(uwi:pili=1,...,n)and xbe an individual of Swith strategy .. Let ZJ=I ! pe
the ftotal population of S. Then

, . ginix) 1 ) . )
gslx)= lim —— = —|{(w; — )g(pi : pi)+ Zu;g(p; L pi)
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Proof.

Let «; be an individual of § with strategy pj- Then

Zisily txi) gisifx txj)
(\)_(u,—l)ll +Zu, Iim ———
~0 §—20 5
ttl
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if all limits exist.

Recall that

) r 4
. 1 =1 1=k
gisx txj) = Zg,(.\' txj) oand gy fxj) = - (e — 1) “gelpi 2 ps)
' 4 k=1
1=l = k=l
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Moreover gko+kc+m(pi-pi) =gko+m(pispj), fOr ¢ the length of the tournament-
cycle,c=c(pi:p;)>m>0 and ko the length of the preperiod in the tournamentt(p:p’ ).
Consider g« (pispj) 1<y fork=1,...,«0 and

- (=1 » =k \ — (r—=1Y -k
e, Am-z po gm0 Tde k= 30 Jw—1"

):::J;:aj-—l
[Turn| MathJaxon|
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clr, ko) k;(k—l)(u—l) air. ko, x-:%q k—1/\u—1
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Therefore
L g ®x 1 xy) —ili:n v )I = Zi(l—— H[c(r ko) +d(r.ko)l = 2
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MathJaxion|



aif kol citkpl

q limy .~ a1 Koy — limy ., ~ It oy = U.

Hence
i L gte sl = L 1 L~ 1y ’.(r—l SRR )
im — gy tx;) = — lim — - - _— e pi s pi
S—00 § Eis) J N r=se & ( ” VR (H—l Skipiipj
— f= — = —
| Ny = -1 |k
= Lim 13 (1-0) [ 5 (. )( )
usS—=2 5 & i =0 lk=toTrcam k=1 w—1
1 I~/ 1y ( 1T
= — lim - 1 — - -1+ celpi tp
Hs—=x 5 &= ( ,_,) c\ l_l—l) ;ﬂ%’m (i Iu
[Turn| MathJaxion|

The proof is complete. [

3. Stability

3.1.

Letw=(T,R,P,S) be an admissible weight. In the next sections it will be of importance to make
explicit the parameter w. Let,1,...,on bE deterministic strategies. A
society S=S(uicpili=1,...,n) is said to be be w-sfable if for every individual x in S using

strategy »; and any other strategy o defining a society S

(] ) | l( )
:S(I.'po;u1:p1;...,‘ui_].'pi.'...,L|n pn) we have g\ (\ - “7\ 5 fOI' the |nd|V|dua|x

" inS" with strategy po. This translates to the condition: for every strategy 0, we have

(w; — 1" (po: pi)+ Zu,g (po:pi) = —1g" " (pi : pi) + Zu,q'"'{p, pjl

fil fil

MathJaxion|

In the case of a homogeneous society (n=1), this is equivalent to
g(w)(pofm)fg(‘”)(m.‘p1)

MathJaxion|

which is a condition in the limit of ESS as defined in [6].

3.2.

We recall that a strategy p=({a0,a1,...,an},0,11,5) is nice ifs(a0)=1 ands(s1(a;))=1,
for I<j<nm;p is retaliatory if s(r0(aj))=0, forl<j<mn. We shall say thatp isw-self-
supportive if g (p:p)>0.



Lemma.
Let p,p" be two strategies. Then

i
. Always g (p:p)<R.If pis nice, then g (p:p)=Rand hence pis w -self-supportive.
(ii)
If pand p' are retaliatory, then either gw)(p:p" )=Ror gw(p:p" )<0.
(iii)
If pis retaliatory, then pis w-self-supportive if and only if g (p:p)=R.
Proof.

(i) The ~cycle int(p:p)hasaarrows of the form/:/andb of the formO0:0.

(e R aR+bP . aR _-
2 psop)= - - o
Then 8 ([ f )

-

a+b  — a+b — 7 |fthe strategy p is nice, when paired with itself,
it will cooperate indefinitely, resulting in the average pay-off of R.
(i) The cycle int(p:p ' )hasa arrows of the form[:1,b of the form0:0,c of the

",c‘u')(p . Pf) — c.'R—!S{'—f.'T—<{S

form 0:1 and d of the formI:0. Then *© e a+b+c+d |f pothp and p

" are retaliatory, thenb>0 implies thata=c=d=0andgw(p:p =~ )<0. Ifc>0,
a ey TS 0

then c=d and a=b=0, implying that 8 (P P = 2 =0

. Indeed, in this case, the
tournament-cycle has an arrow corresponding to the outcome 0: 1 which implies that 0:0 is not a
possible outcome, by the first considered case. Then after 0: 1, the second player retaliates and
only 7:0 is a possible outcome. This repeats over to show that there are the same number

of 0:1 outcomes  as /:Ooutcomes in the cycle, orc=d. Similarly, if d>0,

I e 'y — PS5 0
then b=d anda=c=0 and & (prp)= 2 “.

(iiii) follows from (i) and (ii). [

Proposition 3.3.
Let ,1,...,pnbe retaliatory strategies such that g(..)(pi:p;)=>0, for any 1<i, j<nand some

admissible weight wo.

Then S(ui:pili=1,...,n)is w-stable for any admissible weight w and any vector u € Nnr.

Proof.

By 3.2, for any admissible weight w=(T,R,P,S), we have g (,i:p;)=R, for all I<i, j<n, and
for any other strategy ,0, we have g (051 )<R. Then

(e — )" (po: pi)+ ZH;‘S""':'(P-::. cpi) = [l — 1)+ Zu; R

S J&
p . (A 3 " TRy,
=u; —1)g {p:pi)+ E uig Apiip;
J&
[Turn| MathJaxion|



4. Successful societies

4.1.

Letw=(T,R,P,S)be an admissible weight. Let,1,...,,n be deterministic strategies
and G =(gw(,i:p5)) the terminal pay-off nx n-matrix.

Let S=S(uwispili=1,...,n) be a society corresponding to the given strategies. Then an
LLE I - ]
individual x in S is said to be w-successful in the society S if the terminal pay-off 8s (x) =0

. If x uses the strategy ., this is equivalent to
(G )wi=g ™ (pilpi),

MathJaxion|

where u is the column vector with ith entry ., that is, the individual x gets a higher pay-off from
being part of the society S than if it were to form a society with individuals playing the same
strategy pi.

Proposition.

The society S=S(uizpvili=1,...,n)is w-successful if and only if

Gwyu>gw)

MathJaxlon]

where g is the column vector whose ith entryis g (pipi). [

4.2.

Consider the vector space V=R~. Acone K inVis a closed subset satisfying: (i) 0 € K,
(i) forv € K andA>0, then Av E K, (ii)ifv,v" €K, thenv+v' €K. The cone K is said to
be proper if KN(—-K)={0)} and is said to be solid if it contains a basis of V.

The set V+ of vectors v with non-negative coordinates is a solid proper cone in V. Given a linear
transformation A:V—V and a cone KcV, the image A(K) and the preimageA 1(K) are
cones. The interior Vo of V+ is formed by those v € V+ such that.i>0 for every I<i<n, we
write 0 < v forv € Vo.

Theorem.

Let ,1,...,onbe deterministic w -self-supportive strategies and G(w)=(g)(,i:p;))be the terminal
pay-off matrix. The following are equivalent:

(@)

There exists a society S(ui:pili=1,...,n)whichis w-successful.

(b)
There exists a vector 0 < u € Rrsuch that Gwu> 0.

(c)
(Gw)1(V+)NV+is a solid cone.

Proof.



(@)= (b): IfS(uicpili=1,...,n) is w-successful, then Gwu>gw) >0 because all,; are self-
supportive strategies. For the converse, observe that by continuity, we may assume
that0<k<u € Qrnand Gwu> 0. Then for some natural number m, we
getO0<<vEmu E N and Gmv=mGwiu>gw),

(b) = (c): Clearly, (Gw)) 1(V+)NV+is a cone and there is a number £>0 such that for any
vectorv E R, lv—ul<e, thenv>0and Gv>(0. Then the balls . (u)c(Gw) -
1(V+)NV+ and the cone(G)) 1(V+)N V+ is solid. The implication (c) = (b) is clear. []

4.3.

Letp1,...,pn be deterministic strategies. Consider the symmetric

matrix AP pe) =5 (G H(GMY)

(!Il.;'lio ..... N :.(Xl. e Xp) = ngil (pi: Pi)xfz + E(gnr :‘(Pi P+ g""':'(pj PN XiX;
i=l f=f

MathJaxion|

the associated quadratic form.

Recall from the Introduction that the society S=S(uispili=1,...,n) is w-macro-successful
V\ . |_:r 1. X _ _'.; . I_-N-j, .. o

if LareS8S (x) = Lii=11i8s (i) = "", for any selection of individuals «i using the

-

strategy Pi (1=1=n -). Obviously a w-successful society is w-macro-successful.

Corollary.

Let ,1,...,onbe strategies and let S=S(ui:pili=1,...,n)be a society. Then Sis w-macro-
[

successful if and only if Dy

positive if all strategies .1, ...,pnare w-self-supportive.

Ty

. !
(wy. ... uy) = u ' '
14| nd Z W8 voreover, this number is

Proof.
Let i be an individual in S using strategy ,i. Observe that

Zgga')(x} — Z"'_Sgrﬁc(".l. )
eS8 i=l
— Zu;(u; — 1g"™pi : pi) + Zu;u;[g""':'(p,- cpi)+ g py o pidl
i=l i<y

m

. A
- ql,m ..... &l

5o
(g, ... up)—ug'™

MathJaxion|

The claim follows. [

4.4.



We shall say that the deterministic strategies ;1,...,,n are w-compatible if  for

— 4': -
Vectors (u1, ..., un) € Nowith big enough W= il we get

societies S(uispili=1,...,n) which are w-macro-successful. We characterize compatible
LHy

. . . . g A Xty ooy Xp)
strategies by properties of the associated quadratic form Tipy i -'( l n ')and then
by simple properties of the symmetric matrix A(w)(p1,...,pn).
Theorem.
Let ,1,...,pnbe deterministic strategies. Then the following are equivalent:
(a)

p1,...,pnd@re w-compatible.

(b)
(R ’ .
gin AX 1, ... Xn). ”» , .
Tipyen i “( l ) is weakly positive, i.e. for every vector 0+#v € R»with non-
(R p -
G AUy =)

negative coordinates we have Tipim ) () :
Proof.
(@)= (b):  Assume p1,...,pn are w-compatible and let0#v € N». Consider m € N such

"r N

that wi=mv has Ei:l Wy big enough. Then S(wi:pili=1,...,n) is w-macro-successful and
by 4.3,
S £ Franh 2w - . R L -
0= ipi i ﬁc“") =m qin jl“') and 0 = ipy i Iu“')'

MathJaxion|

(b) = (a): Consider the compact set C={v € R":0<v and Ivl=1}. The hypothesis implies that

e X..... X,

& .
the form Tipy..... o -'( reaches a minimumy>0in C and the linear

g (W« oy Y-
form E:lg (P' - Pi) X reaches a maximum J. Then for any

vector u=(u1,...,un )t € Nn with

(R . ! fw
ipy ) = W0 g

MathJaxion|

we have

/ !
2 . I 2 L) o i -
jul® = g ,,R:.(—"u”)uuu =ipy ey 0 = 0" =l o ) 8 = Nl

MathJaxion|

4

Therefore lul<6/y and only finitely many vectors u € N» may have this property. Therefore
n " [l R N 71
‘ : L' NI =

for Zn:l”‘ >0 we have ]'.PJ ----- ,!};,'( )zug , that is, S(vizpili=1,...,n) is w-

macro-successful. []



4.5.

There are good criteria to decide whether or not the quadratic form g(x)=xtAx, associated to a
symmetric n x n matrix A, is weakly positive. The following is a simple generalization of a result
by Zel’ dich [10] (see also [3]).

Proposition.

Let A be a symmetric matrix and q(x)=xtAxthe associated quadratic form. The following are

equivalent:
(a)
q(x)is weakly positive.
(b) |
B=A (l:,...!:.( )
For every principal submatrix Mits S of A, either detB>0or the adjoint

matrix ad(B) is not positive (that is, it has an entry <0 ).

Proof.

(a) = (b): Let B be a principal submatrix of A. Suppose that ad(B)

ad{Bjv = puv

is positive. By Perron
theorem,

Then @ = g(v) = v'Bv = p~ v Bad(Byv = p~ ' det BV'V 4ng gerB>0,

for a vectorO#v>0and the spectral radiusp>0.

(b) = (a): We show that ¢(x) is weakly positive by induction on n. Since property (b) is inherited
to principal submatrices, we get that the restriction g() associated to the principal
submatrix A ¢.i) is weakly positive, i=1,...,n.

Assume that ¢ is not weakly positive. Then there is a vector 0 < w with g(w )<0.

We claim that g() is positive for all / <i<n. Otherwise, g()(x)<0 for some vector O#x € Rr 1.
Sinceg () is weakly positive, then ..>0 and «» < 0 for indices a, b. We may
consider y € Rr with ,;=,; for j#iand ,i=0.

We find two points w+ , 1y and w+ , 2y in the boundary 0 V+ of the positive cone V+ in Rn. Hence
the parabolag(w+1y)=q(w)+AwtAy+1i2g(y) takes values >0 (resp.<0,>0) ini= ,
1 (resp. A=0,A= , 2). Hence g(w+1y) takes positive values forA> . 2.
Therefore 0<g(y)=¢q((x)<0, a contradiction proving the claim.

In particular, every proper principal submatrix B of A hasdetB>0. Since A is not
positive, detA<0. By hypothesis, ad(B) is not positive. Assume that the jth row v of ad(A) is
not positive. Choose 1>0 such thatO<Aw +v lies on dV+. Hence
O0<q(Aw+v)=2qg(w)+AIwtAv+q(v)<A(detA)wi+(detA)<(detA)(detA.n)<0,

MathJaxion|

since by the claim ¢ is positive. This contradiction completes the proof of the result. []

5. Dependence on the admissible weights



5.1.

In this section we shall discuss in which way the former results depend on the fixed admissible
weight wwith which the IPD is played. The discussion is motivated by remarks of a referee of the
paper.

Letw=(T,R,P,S) satisfying be an admissible weight . Givenp andp  two deterministic
strategies, we denote by gw)(p:p ) the relative pay-off of p playing the IPD with initial
conditions w against p” .

Lemma.

The set of admissible parameters w € R4satisfying g (p:p’ )>0together with the origin 0 form
acone C(p:p’ )in R+. Moreover:

(i) The cone C(p:p’ )is either Oor a solid cone.

(i) If C(p:p" )=0then for any admissible tuple wwe get g (p:p" )<gw(p' :p), thatis, the
pay-off of an individual playing the strategy pis lower than the pay-off of another playing the
strategy p' , independently of the initial conditions.

(i) If C(p:p’ )is a solid cone then the point u=(1,1,0,—1)belongs to the topological closure
of C(p:p" ).

Proof.

Observe that forw, w" admissible parameters and r>0 we get admissible parameters w+w
" and rw such that goww ) (p:p" )=gw(p:p" )+gw (p:p" )and gtw(p:p )=rgw(p:p’ ).
Hence C(p:p’ ) is a cone.

Leta (resp. b, c and d) be the number of arrows in the tournament-cycle of t(p:p ) with

outcome /:1(resp.0:0,0:1 and 1:0). Then forw=(T,R,P,S) we
g"ippi=a R+bP +cT +dS
have a+b+c+d

(i) Assume thatC(p:p ' )is not trivial and letO£#w=(T,R,P,S)EC(p:p ' ).
Then T>R>0>P>S. If botha=0 andc=0, then alsob=0=d. Therefore C(p:p ' )=R-=.
Assume that a>0 then, by slightly modifyingR, we get a pointw" € C(p:p ) such that g
(p:p  )>0. We do not lose generality assuming thatw=w " . Then there are small
values r>0 such that any E € R4 with
norm | El < r satisfiesa(R+e1)+b(P+ez2)+c(T+es)+d(S+es)>0, that is the sphere with
center w and radius r lies inC(p:p" ). Therefore C(p:p’ ) is a solid cone.

(i) With the notation above, C(p:p " )=0 impliesa=0=c. Then for any admissible w we
getg"””'(p' tp)= f"g‘,::;if = 5"’;:}'5 =g"p:p)

(i) LetO£fw=(T,R,P,S)EC(p:p " ). As in (i) we may assume thatg(p:p " )>0.
ThenO<aR+bP+cT+dS<(a+c)T+dS<[—(a+c)+d]S, which implies thata+c>d. There

wy=(1+L 1+ L 14

"o F), for n big enough,

A

is a sequence of admissible tuples
with g..)(p:p" )>0. O



5.2.

Let p=(p1,...,pn) be a sequence of strategies. We introduce an equivalence relation _, in the set
of all admissible weights in the following way: forw=(T,R,P,S)andw’ =(T ,R" ,P ,S’
) admissible  weights we  writew ~  w ' if for any couple I<i,j<n the
inequality g (,i:p;)>0 (resp. =0,<0) happens exactly when g )(,i:p5)>0 (resp. =0,<0)
holds. Observe that this means that w and w" belong to the same sequence of half-spaces
in R+ determined by the hyperplanes wi,; defined by the linear
equationai iR +vijP+cijT+4i,;S=0, where.i; (resp.vij,cij,q¢ij) denotes the number of the
tournament-cycle of #(,i:p;) with outcome 7:1 (resp.0:0,0:1,1:0).

Proposition.

There is only a finite number of _,-equivalence classes of admissible weights. For each
equivalence class C the topological closure C in R+is a convex cone. The cone C is solid if

and only if Cis an open set.

Proof.
The complement in R4 of the union of all hyperplanes ui,j, for pairs 1<i,j<n, is formed by a finite

number of open subsetsui,...,us. For anyi=1,...,s, two points in the open setu: are ,-
equivalent. The other equivalence classes are the different walls of the topological closures of
the vi, fori=1,...,s.

Clearly, ifCis an equivalence class, then its closure satisfies: (i) 0eC ;o (i)
for U € C and 120, then AV € € and (i) if '- V" €€ then U+ 1" € € 1 Cis open, it
clearly contains a basis of R4 and E is solid. For the converse, observe that if ? is solid, then
there is an open ball s:(x) contained in C. Then C=y; for some I1<i<s. [

Any _ ,-equivalence class whose topological closure contains the (non-admissible)
weight (1,1,—1,—1)is called a canonical class.

Corollary.
There is a canonical class which is open. If wis an admissible weight in a canonical class, then

for any pair 1<i,j<n, the inequality g (,i:p;)=0implies that aij+vi.;>ci,j+aijin the
tournament-cycle of t(pi:pj).

Proof.
Observe that the points (1 + 1,1 —,2, -1+ ,3,—1—,4) With0< ,1<,2<,3<,4<] form a set of

admissible weights that cannot be contained in a finite set of non-solid cones. Hence some of
these weights lie in a canonical class. The second claim follows by continuity. [

5.3.

Let again p=(p1,...,pn) be a sequence of strategies and consider a
society S=S(uirpili=1,...,n). Lets be an individual in S playing the strategy i, fori=1,...,n.
As above, define _(s.i) be the equivalence relation in the set of admissible weights such that w_
(s.ow’ if both i is w-successful and w’' -successful in the society S. By the arguments in 5.2,



there are finitely many _(s.i)-equivalence classes ci 1, ...,ci si of admissible weights. Consider a
set C of admissible weights of the form 'ﬁr}i:l C’--'i, for some 1<i1<s1,..., I <in<sn, then two
weights w,w’ in C satisfy the following properties:

(a) Let x be an individual in S, then x is w-successful in S if and only if it is w’ -successful in S.
Denote byes(w) the set of indicesi such that an individual x playing the strategy ,i is w-
successful. Hencees(w ) =es(w’' ).

(b) The society S is w-successful if and only if it is w' -successful. In that case es(w)={1,...,n}.
(c) Moreover, the topological closure ? of C in R4 is a cone.

Corollary.

There is a finite partition c1, ..., cm Of the admissible weights such that the following holds:

(i) the closure Ciofeach ciis a convex cone;

(i) for any two admissible weights w,w’ , es(w)=es(w’ )if and only if wand w’ belong to the
same set cifor some i.

6. Examples

6.1.

For the next examples we fix values T=2, R=1, P=—-1, S=-3. Consider p the strategy tit-for-
tat and p’ the strategy given by the digraph

| 0 1:0

D,

t(p:p)

0 | (0

-

U 0:1 . 1:0

0

MathJaxlon]

The tournament ¢(p:p’ ) is indicated above. The pay-off matrix G is

|
=3

1

G =

1
2



MathJaxion|

)z (1)
/= \ /s satisfied when

1 1

I | —
I | e

MathJaxion|

For example, a society S(x:p,y:p ) with x=y>2 is successful, while S(x:p,2x:p" ) is not

successful.
The associated quadratic form is

i 2 2 o 3 >
gix,v)=x"—av+yv =|x— 2_\ + =
Turn MathJax

which is positive. Then a society S(x:p,y:p ) with x+y> 0 is macro-successful (that

is, p and p' are compatible).

6.2.

Consider p the strategy PAV and p’ the strategy given by the digraph
1

—() .
0 1 1:0
VO ¥
l t(p:p) B
0 0:1
¥ /
A '
(]Q‘ | 0:0 1:0
L

MathJaxion|

With the values of T,R, P and S as in 6.1, the pay-off matrix G is



|
I |

1
= I
5 1
[Turn| MathJaxion
GlVINVT =[x vix =3y =0}
Then — e et =2 = Y Forexample, S(3y:p,y:p ), withy>2,

is a successful society.
The associated quadratic form is

q(x,y)=x2=2xy+y2=(x—-y)2

MathJaxion|
which is not weakly positive. Therefore p and p° are not compatible.
6.3.
Consider p the intolerant strategy 0o and p* =({s0,61,...,6m},0,11,5) any strategy. Observe that
in case ,i=1:0 in the tournament¢#(p:p ), then ,;=0:.; for some .,;€ {0,1} and any j>i+ 1.
. o) bP4cT L bhP 4SS
Nplp )= = Np Lp) == )
Then glp-p) b+ and gtp:p) b=+ for some b,c>0 andb+c=c(p:p
). With the assignment of parameters given
gip:p')= ELESS g(p' i p)= =b=3c
in 6.1 R D+ and \p - P bte Otherwise,

all ¥i = Lilte = 1) andg(p:p )=g(p :p)=R=1. In the first case, the associated

quadratic form is

(x,y) =x° el +gip : p i’
gix,v)=x" — —2xV s+ I i
AR b+c g\ P

MathJaxion|

which is weakly positive if and only if g(p" :p" )=1 and b=0. In conclusion, given a self-
supportive strategy p' , the strategies p and p' are compatible if either g(p:p" )=1=g(p’

:p) and then any societyS(x:p,y:p ) is successfulorifg(p:p' )=2,g(p" :p)=—3 and g(p’
:p’ )=1 and then, only societiesS(x:p,y:p ) with y>3x+ 1 are successful.
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